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Communication complexity: Boolean functions

Boolean function f : [X ]× [Y ] 7→ {0,1}

x ∈ [X ] y ∈ [Y ]

|ψ〉
(shared entanglement)

f (x , y)

T

How much communication is needed?

Assisted with shared randomness: Rǫ(f )

Assisted with shared entanglement: Qǫ(f )
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Communication complexity: distributions

Probability distribution p(a,b|x , y)

x ∈ [X ] y ∈ [Y ]

λ
(shared randomness)

a ∈ [A] b ∈ [B]

T

p(a,b|x , y)

How much communication is needed?

Assisted with shared randomness: Rǫ(p)

Assisted with shared entanglement: Qǫ(p)
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Non-signaling distributions

We consider non-signaling distributions p:

x ∈ [X ] y ∈ [Y ]

λ
(shared randomness)

a ∈ [A] b ∈ [B]

T

p(a,b|x , y)

a contains no information about y :

p(a|x , y) = p(a|x , y ′)

b contains no information about x :

p(b|x , y) = p(b|x ′, y)
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Set of non-signaling distributions N

Distribution p −→ vector in R
n, for n = ABXY

Coordinates p[a,b, x , y ] = p(a,b|x , y)

p ∈ N iff
Positivity: p(a, b|x, y) ≥ 0 ∀a,b, x , y
Normalization: P

a,b p(a, b|x, y) = 1 ∀x , y
Non-signaling: P

b p(a, b|x, y) =
P

b p(a, b|x, y ′) ∀a, y , y ′

P

a p(a, b|x, y) =
P

a p(a, b|x ′, y) ∀b, y , y ′

Set of linear (in)equations =⇒ N is a polytope in R
n
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Local distributions

No communication but shared randomness:

fa(x , λ) fb(y , λ)

x ∈ [X ] y ∈ [Y ]

λ
(shared randomness)

a ∈ [A] b ∈ [B]

No shared randomness (fixed λ) −→ Deterministic protocol:

p(a,b|x , y , λ) = δa=fa(x,λ) δb=fb(y ,λ)

Shared randomness −→ Mixture of deterministic protocols:

p(a,b|x , y) =
∑

λ

p(λ) p(a,b|x , y , λ)
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Set of local distributions L

Deterministic protocols dλ −→ vectors in R
n

Coordinates: dλ[a,b, x , y ] = δa=fa(x,λ) δb=fb(y ,λ)

Set L −→ convex hull of these vectors

=⇒ L is also a polytope

dλ3

dλ2

dλ1
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Bell inequalities

“Local” polytope L defined by:

Extremal vertices: deterministic protocols dλ

Facets: Bell inequalities B(p) ≤ B0 for all p ∈ L
where B : H(N ) 7→ R is a linear functional over distributions

N

L

@
@

@
@

@
@ �

�
�

�
�

�

@
@

@
@

@
@�

�
�

�
�

�
Bell inequality

J. Roland (NEC Labs) NEC Proprietary 10 / 29



Quantum distributions

No communication but shared entanglement −→ EPR Experiment

x ∈ [X ] y ∈ [Y ]

|ψ〉
(entangled state)

a ∈ [A] b ∈ [B]p(a,b|x , y)

p(a,b|x , y) is non-signaling −→ Q ⊆ N

BUT may violate Bell inequality −→ L ⊂ Q
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Bell inequalities

“Local” polytope L defined by:

Extremal vertices: deterministic protocols dλ

Facets: Bell inequalities B(p) ≤ B0 for all p ∈ L
where B : H(N ) 7→ R is a linear functional over distributions

N
Q

L
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Boolean functions

Function f : [X ]× [Y ] 7→ {0,1}

x ∈ [X ] y ∈ [Y ]

λ
(shared randomness)

a b

T

pf (a,b|x , y) =

{ 1
2 if a⊕ b = f (x , y)
0 otherwise

Communication complexities of f and pf

Rǫ(pf ) ≤ Rǫ(f ) ≤ Rǫ(pf ) + 1

J. Roland (NEC Labs) NEC Proprietary 13 / 29



Quasi-probabilities

Set of local distributions defined as

p ∈ L ⇐⇒ ∃ pλ s.t.







∑

λ pλdλ = p
∑

λ pλ = 1
pλ ≥ 0 ∀λ

Set of local distributions with quasi-probabilities defined as

p ∈ L̃ ⇐⇒ ∃ qλ s.t.







∑

λ qλdλ = p
∑

λ qλ = 1
p(a,b|x , y) ≥ 0 ∀a,b, x , y

L ⊆ L̃ ⊆ N

N

L
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Non-signaling distributions and quasi-probabilities

Theorem
The set of non-signaling distributions coincides with the set of LHV
with quasi-probabilities

L̃ = N

Proof sketch:

Affine hulls:

H(L̃) ⊆ H(N )

dim H(L̃) ≥ dim H(N )

}

=⇒H(L̃) = H(N )

Build L̃ from H(L̃) by restricting to p(a,b|x , y) ≥ 0

Similarly for N

=⇒ L̃ = N
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Affine combinations

Intuitively:

Distance from L → bound on classical communication complexity

Distance from Q→ bound on quantum communication complexity

How well may p be described as an affine combination?

We define:

ν(p) = min{
∑

i |qi |: ∃pi ∈ L,qi ∈ R,p =
∑

i qipi}, (LP)

γ2(p) = min{
∑

i |qi |: ∃pi ∈ Q,qi ∈ R,p =
∑

i qipi}, (SDP relax.)

νǫ(p) = min{ν(p′) : δ(p,p′) ≤ ǫ}, (LP)

γǫ
2(p) = min{γ2(p′) : δ(p,p′) ≤ ǫ}. (SDP relax.)

Extension of factorization norms [Linial,Shraibman STOC’07]
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Lower bounds

Theorem

Rǫ(p) ≥ log(νǫ(p))− 1 and Qǫ(p) ≥
1
2

log(γǫ
2(p))− 1

Proof sketch:

Protocol for p with c bits.

Replace communication by random transcript T ∈ {0,1}c ,

Alice outputs random a ∼ p(a|x) if T not consistent with x ,

Similarly for Bob

→ 0 bit protocol for pπ

pπ(a, b|x, y) = π p(a, b|x, y) + (1 − π) p(a|x)p(b|y),

where π = 2−c
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Lower bounds

Theorem

Rǫ(p) ≥ log(νǫ(p))− 1 and Qǫ(p) ≥
1
2

log(γǫ
2(p))− 1

Proof sketch (continued):

0 bit protocol for pπ,

→ pπ ∈ L,

→ ν(p) ≤ 2c+1 − 1 since
p(a, b|x, y) = 1

π
pπ(a, b|x, y) − ( 1

π
−1) p(a|x)p(b|y).

and | 1
π
| + | 1

π
− 1| = 2

π
− 1

J. Roland (NEC Labs) NEC Proprietary 20 / 29



Bell inequalities

By (LP or SDP) duality,
→We turn the minimization problem into a maximization problem.

Theorem
For any distribution p ∈ N ,

ν(p) = max{B(p) : ∀p′ ∈ L, |B(p′)| ≤ 1}, and

γ2(p) = max{B(p) : ∀p′ ∈ Q, |B(p′)| ≤ 1},

where the maximization is over linear functionals B : H(N ) 7→ R

Intuition: The bounds consist in maximizing the violation of a Bell (or
Tsirelson) inequality.
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Simultaneous message passing (SMP)

Alice Bob

x ∈ [X ] y ∈ [Y ]

λ or |ψ〉

a ∈ [A] b ∈ [B]

TA TB

p(a,b|x , y)

Referee
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Upper bounds in the SMP model

Theorem

RSMP
ǫ+δ (p) ≤ 16

[

ABνǫ(p)
δ

]2
ln

[

4AB
δ

]

log(AB)

QSMP
ǫ+δ (p) ≤ 16

[

ABγǫ

2(p)
δ

]2
ln

[

4AB
δ

]

log(AB)

Proof sketch:

Let p = q+p+ − q−p−, where |q+|+ |q−| = ν(p).

Alice and Bob send samples of p+,p− ∈ L to the referee.

The referee estimates p(a,b|x , y) ∀a,b (without knowing x , y).
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Comparing ν and γ2

Special case
Binary outputs: a, b = ±1
Uniform marginals: E(a|x) = E(b|y) = 0

→ Correlations E(a · b|x , y) = Cxy (in particular Boolean functions)
→ Grothendieck’s inequality: γ2(p) ≤ ν(p) ≤ KG γ2(p)
→ Tsirelson’s bound

General case

Theorem

γ2(p) ≤ ν(p) ≤ O(AB γ2(p))

The proof uses affine combinations and Grothendieck’s inequality.
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Simulating quantum protocols

From

Upper bound: RSMP
ǫ+δ (p) ≤ 16

[

ABνǫ(p)
δ

]2
ln

[

4AB
δ

]

log(AB)

Comparison: νǫ(p) ≤ O(AB γǫ
2(p))

Lower bound: γǫ
2(p) ≤ 22Qǫ(p)+1 − 1

Corollary
Any quantum protocol may be simulated with classical messages in
the SMP model with exponential blowup: For Qǫ(p) ≤ q

RSMP
ǫ+δ (p) ≤ O

(

24q (AB)3

δ2 ln2
[

AB
δ

])

In particular, for p ∈ Q, that is, Qǫ(p) = 0

RSMP
ǫ+δ (p) ≤ O

(

(AB)3

δ2 ln2
[

AB
δ

])

[Shi,Zhu STOC’05]
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Conclusion

Summary
non-signaling distributions←→ LHV with quasi-probabilities

New intuition for studying non-locality

Bounds for communication complexity
−→ Extension of [Linial,Shraibman STOC’07]

Relation: communication complexity←→ Bell inequalities

Further work
Extension to multipartite model (number-on-the-forehead)

New lower bounds (non-Boolean, partial functions, relations)
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The End

Thank you !
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